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ABSTRACT

This report summarizes work on a number of different
but related topics, as follows: The effect of selsmlc souice
depth on Rayleigh wave spectra is examined for a dissipative half
space and for an elastic layer overlying an elastic half space.
In the two-layer earth model, the higher-mode amplitude spectra
increase relative to the fundamental as the source approaches the
base of the crust. The exact ray theory and matrix method are in
principle devices for obtaining the response of a layered system
over a limited time interval. Both methods prove to be inefficient
from the standpoint of automatic computation but useful in
analyzing certain general properties of the response functions in
multilayered systems. Geometric ray theory 1is used to study the
effects of layer thiékness and range on the refracted arrival
along a high-speed layer embedded in an infinite medium. When |
the layer is thick compared with the dominant wavelength, the
refracted arrival exhibits range-limited shingling and may consist
of two or more events separated by equal time intervals which
depend only on the layer thickness. The reflection of a plane
compressional wave at a plane interface 1is analyzed with particular
emphasls on the equation for continuity of the instantaneous
energy f{lux. Inside the critical angle, Knott's equation gives
continuity of the instantaneous flux, but beyond the critical

angle Knott's equation must be replaced by three separate cenditions.




The partition of energy among the rcflected and transmitted waves
and the relative pheses are tabulated for over 2000 cases to show
the effect of systematiczlly varylng the compressional veloclty
ratio, the Polsson's retios and the density. Deconvolutlon tech-
niques arc applied to the body wave phases generated by two
cxplosions and an earthquake in an effort to reduce the distortion

introduced by the transmisclon and recording systems.
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LHTRODUCTION

This report summerizes research carried out at the
California Research Corpo.>tion during the contract period,
Feoruery 15, 1961 through June 14, 1964, The primary purpose of
this research was to investigate theoretically the feasibility of
1mpr6ving our ability to determiné seismic energy source depth.

In the past source depth determinations have been based
exclusively on the use of body waves. However, a large part of
the energy emitted by a source in the crust is trapped in the
crust and goes into surface waves. Surface waves attenuate less
rapidly than body waves because they spread in two dimensions
rather than in three. These facts suggest that at the stations
closest to an underground explosion (say 500 km), most of the.
energy may be in the form of surface wéves. At great distances
the surface waves produced by a low-yleld exploslon are weak com-
pared to the body waves probably because most of the surface wéve
energy 1s concentrated at higher requencles which are scattered
by lateral inhomecgeneities in the crust. We have studied the
effect of source depth on the Rayleigh wavzs spectra for a dilssl-
pative half space and for an elastic surface layer overlying an
elastic half space. Some of the theoretical predictions have
been compared with results from two-dimensional selsmic model

studies.



Two methods were considered for computing thd total
responge of a layered system: (a) the exact ray theory and
(b) the matrix method. 1In the exact ray theory the total response
1s expanded 1:i an infinlte series. Each term in the series des-
cribes the response produced by energy which reaches the receiver
Yy a certein generalized transmission path. The response over a
finite time interval 1s determined by a finite number of terms in
the expansion. For the axlally symmetric case, each term is given
by a conbtour integral. The time (and consequently the cost)
required to perform the numerical integrations was found to be
prohibitive even on a machine like the IBM 7094.

The theoretical analyslis of the genercl term in the exact
ray theory expansion revealed that the response function for each
patii diverges in the long-time 1limit and that the rate of diver~
gence increases as the number of reflectlons increases. This
suggeats that if the individual response functions are added
together in an indiscriminate way it is quite possible for the
magnitude of the result at an intermediate stage of computation
(vefore all the terms are computed) to exceed the magnitude of
the correct total result by a number which exceeds the number of
significant figures retalned by the muchine, A prescription is
given for grouping the ray paths together in such a way that each
group r.s3ponse functlon converges in the long-time limit.

The first and second terms are derived in a high-
frequency asymptotic expansion of the general term in the exact

ray theory expansion for the multi-layer system, The high~




frequency terms desceribe riys which traverse lcast-time reflection
and refrcction paths. The fcetors which describe the cttenustion
produced ty geometriccl cpreading <¢an be used in any system in
which the radiation field 1s axially symmetric. All the informa=-
tion reguired to conotruct ¢ high-frequency theoretical seismo-
gro for a layered system 1s given.,

The matrix method was usced to attack the multilayer
problem along different lines. The matrix method.gives the kernel
in a double integral transform for the response of a layered
system. The kernel is 2 function of frequency and phase v locity.
We restrict our attention to phase velocitles which exceed the
highest phase velocity for unattenuated normal mode propagation.
In this restricted domain the kernel is non-singular. The trun-
cated integral describtes in an Lpproximate way the response in
the time interval preceding the arrivel of the normal modes and
in this respect determines & theoretical refraction seismogram.
The fezsitility of performing tne double integrztion numerically
is considered. The {ormal expressicn for the kernel is analyzed
to demonstrate the exlstence or atsence of unattenuatéd ncrmel
modes in different models.

in accurate knowledge of the velocity structure in the
.rust 1s requlired in the determination of epicentral position and
focel depth, in the use of eguclization technlgues to remove from
surface waves the phase distortlon introduced by the transmission

patiy and to remcve from body waves the distortion introduced by




reverberation in the crust, For these and other reasons, the
Branch of Crustal Studies of the U. 8. Geological Survey has
undertaken an extensive refraction program to delineate the
velocity structuce in the crust. One difficulty with the refrac-
tion metihod 1is that it cannot detect the presence of low-velocity
layers. This problem could ke circumvented if 1t were possille
to determine the base (or thickness) of the high velocity zones.
The effect of layer thickness on the refracted arrival from a
layer embedded in an infinite medium.is investigated in detail.
The two-dimensional seismic model was used to study the refracted
arrivals in two- and four-layer models,

The subject of the reflection and transmission of a
plane compressional wave at a plane interface is an old one.
Even so some new results are presented in this report. On
physical grounds we know that the normal component of the instan-
taneous energy flux must be continuous across an interface.
Inside the critical angle Knott's equation is the correct mathe-
matical statement of continuity. Outside the critical &angle
Xnott's equation requires continuity of the net flux (i.e., the
instantaneous flux integrated over a period), but not continuity
of the instantaneous flux. The mathematlical statement of con-
tinuity of the instantaneous flux is derived. The fraction of
vhe incident energy which goes into the reflected and trancmitted
waves and the relative phases for the vertical component of dis-
placement are tabulated for over two thousand different combina-

sions of the compressional velocity ratio, of Poisson's ratio, and

of density ratio.
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The earth transmission system and the vecording system
introduce a certain amount of distortion in the body wave phases
which lengthen the phases in time and reduce resolving power.
Deconvolution techniques are applied tc body wave phases from two
explosions and an earthquake in an effort to remove the distortion
introduced by the transmission path.

Each section of this report is complete in itself and is
independent of the preceding and following sections. The figures
for each section are placed either at the end of the secticn or
appear on the page(s) following first mention. All the references
are grouped together at the end of the report. Except for the
sections on selsmic modeling and inverse filtering, the material
is covered in greater detall in the scientific repcrts which have

been issued during the course of the contract.
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I. SIGNAL-TO-NOISE RATIO AND SPECTRA OF
EXPLOSION-GENERATED RAYLEIGH WAVES IN A
DISSIPATIVE HALF SPACE

This preliminary theoretical study 1s basically concerned
with the estimation of the depth of an explo§ive source from a
knowledge of the radiated Rayleigh wave, The differentiation between
artificial and natural sources on the basis of source depth requires
a precise determination of socurce depth. Present techniques for
determining source depth at short ranges rely exclusively on the
use of body wave phases. These methods presuppose good control
at short ranges. This may be difficult to obtain. It 1is reasonable
to ingquire whether accurate source depth information can be
extracted from surface waves at moderate ranges, say, of the order
of 500 kms. At great distances the surface waves generated by
low~-yield nuclear explosions are generally not detected probably
because most of the energy goes into the higher frequency components
which are scattered by lateral inhomogeneities in the upper crust.

To investigate the effect of source depth on the surface
wave spectrum and the factors which govern our ability to recover
that spectrum, we consider the Rayleigh wave generated by an
explosion in a homogeneous and isotopic half space. Thls 1s the
simplest medium which permits the propagation of Rayleigh waves,
The explosive charge is assumed to be situated at the center of a
spherical cavity of radius a. In wrat follows, decoupling
(Latter, Le Levier, Martinelli, and McMillan, 1961) is assumed
throughout.
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The Laplace transform of the radial stress in a

spherically symmetric compressional wave is
— _8r/
T .=_0€ (S)(\H ) )) (1)
T r )f (Sr
where " is the radial distance from the center of the shot cavity,
S is the Laplace transform variable, 0° is the density, B 1is the
shear velocity, and d 1s the compressional velocity. Following

lLatter, we approximate the stress at the cavity wall by a step.
This requirement determines M(S) in the form:

_ 32 2 2 -1

O P°-e ( +45(@& )+ 45T (2)
where P 1is the magnitude of the step In stress. Because of
preferential absorption of the higher frequencies, only the wave-
length components which are large compared to the cavity radius are
important at distance. The assumption |d_/5a\>>\ , reduces (2)
to

){(S) 40,32 (3)

To determine whether (3) is valid, we must compare the shortest
wavelengths in the Rayleigh wave train at 500 km with the minimum
cavity radius required to achieve decoupling. The quantity F’a?
determines the strength of the source and 1is related to the
yleld, W, by

Pal= 2 (7~ (4)
where 7Y 1s the ratio of the specific heats of the gases in the

cavity.
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Snerwood and Spencer (1962) have derived an expression

for the spectrum of the vertical component of the particle velocity

in the Rayleigh wave at the free surface, The phase spectrum is
fo_ )
(j)(f)____(g_'?I_P.;._;lf_) ) (5)
c
where F is the frequency, P is the range, and C is the Rayleigh
wave velocity. It is to be noted that the phase spectrum is

independent of the source depth, H. The amplitude spectrum is

- ~2M e (1-cHa2)V2
A= M g3 e W (6)

P‘IQ

where M 1s the TNT mass equivalent in kilotons and

X _(@6)10°Bc"?
ot

B 1s a complicated function of Polsson's ratio which decreases

monotonically from about 1.2ito 0.2 as the Poisson's ratio
increases from zero to one-half. It is evident from (6) that

the higher frequency components decay more rapidly with source
depth than the lower frequencies. Hence, the amplitude spectrum
of the Rayleigh wave becomes relatively richer in high frequencies
as the source depth H is diminished.

Unfortunately, the absorptive properties of the medium
have an effect similar to source depth in diminishing the relative
content of the higher frequency components. It seems that the
loss properties of a solid medium can often be approximately repre-
sented by a mechanical quality factor, Q, which does not vary

much with frequency (see O'Brien {19561) for bibliography).

et e peuiis pcsecietn
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Hueter and Bolt (1955) state that the absorption of pro-
gressive waves 1s approximately expressible as

e e (7)

An interpolation of measurements in the vicinity of .01 to 1”7 cps
(see O'Brien (1961) and Press (1954)) indicates that in the
frequency range of interest (1 to .1 cps), the Q for Rayleigh
waves should be very approximately 100. It does seem, however,
that lower frequency Raylelgh waves have a higher Q value. Also,
the higher frequencles generally experience considerable scatterf
ing in the inhomogeneous near-surface region which should result
in a decrease in the effective @ value. Hence, the effective
Q for a surface wave mode should tend to decrease with increasing
frequency, but we are not presently in a position to glve precise
quantitativé values. This is important, for we see from (6) and
(7) that the source depth and dissipation have a similar frequency-
dependent effect on the amplitﬁde spectrum of the Raylelgh wave.
It 1s thereby apparent that an error in our knowledge of Q will
1imit our abllity tc estimate the source depth accurately.

The combined effects of source depth and dissipation

determine the amplitude specirum in the form

A(*’)-AOGC)T‘({)-:J%#?"%.J’C (8)
where P
24\1/2
b= 2 (L+H0-5)%). (9)

Assuming that the velocities ¢ and Ol are known accurately, we
see that the incremental changes in the other parameters are

related by
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h-22] G2 D )Y

where (SX ) represents a small increment in X . Even under the
assumption that 4@ can be accurately estimatea from the ampli-

tude spectrum of the Rayleigh wave train, and even if the range
F is known accurately, it is evident that there 1is an error in

source depth, (§ H), given by

Sh=a (-5) ) (0

To appreciate the magnitude of this error, let us enter plausible

values into {(10). For a resonable value of C‘,/oL, a range F of

500km, and an error ( {Q) of 10 in a Q of about 100, we have

(§H)= 0.3xm.

This is about the resolution in ~~urce depth that we are seeking,
but it seems that it will take considerable effort to attain it.
The normalized Rayleigh Spectra defined by

U= p*AOM
are plotted in Figure 1.
Our ability to extract information from the Rayleigh
wave signal is limited by the microseism or noise background.
We assume that, at the time and place of detection, the charac-

teristics of the background noise N({) are similar to those of
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the minimum noise curve depicted by Brune and Oliver (1959) and
reproduced in Figure 1. Accordingly, our final estimates refer
to approximately the maximum signal-to-noise ratio that we can
expect fo:r a decoupled shot.

Actual seismograms are the result of subjecting the
true ground motion to some composite filter system., This filter
system is usually a reasonably simple combination of a conven-
tional seismometer and galvanometer. However, it could in
principle be a far more sophisticated filter which one might
obtain by means of analog or digital operations on the output
of a seismometer. The importance of recording a wide range of
seismic frequencies with good accuracy in conjunction with ade-
quate filtering operations cannot be overemphasized. Sherwood
and Spencer (1962) consider two filter systems: (1) the Benioff
short period system installed at Wichita* and (2) a more nearly
optimum system in which the filter characteristic is a function
of the spectral content of both the Rayleigh signal and the
ambient ground motion.

As our definition of signal-to-noise ratio, we adopt

the following form:

*The transmission curve for particle velocity for the Wichita

instrument is given in the article by Gudzin and Hamilton (1961).
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N

(S ) — Average level of signal amplitude spectrum

Average level of conflicting nolse amplitude spectrum
Recording the signal and noise through the short period Benioff
system gives a signal-to-nocise ratio per kiloton of TNT {KS/N)/@]
which varies with range as shown in Figure 2.

It must be emphasized that our results are valid only
for the decoupled source, step function in pressure input, con-
stant Q dissipation, half-space model, and noise structure which
we have assumed. A coupled shot 1s far more efficient in gen-
erating seis~*c waves than a decoupled shot, and its spectrum
may be different. It 1s particulariy important to compare the
long wave length content of the two spectra in situations where
the free surface or some other major impedance discontinulty
lies within the nonlinear zone. In a layered earth the Rayleigh
waves propagate in more than one mode, and each mode exhibits
dispersion. Dispersion causes the Raylelgh wave to spread out
over a relatively long time interval with a subsequent decrease
in the signal-tvo-noise ratio. When the phase velocity vari-
ation with freguency 1is known, it is possible partially to
compensate for the deleterious effect of dispersion by a tech-
nique such as that due to Aki (1960). The variation of absorp-
tion with depth and the lateral inhomogeneity of the wave guilde
probably cause the ¢ to decrease with lncreasing frequency.
These factors must be considered in comparing our results with

observed signal-to-noise ratios.
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1i. THE EFFECT OF SOURCE DEFTH ON RAYLEIGH WAVE MOTION
IN A LAYERED FARTH

In comparlison with the more conventional use of the
body-wave phases, the use of surface waves for source depth
determination has both advantages and disadvantages. A prominent
disadvantage ol surface waves for source depth work is their
longer periods. It 1is evident that the effcct of smail changes
in source depth will be reflected only in the higher frequency
portions of the wave train, The results of our Rayleigh wave
work substantiate this point. For the case of an earth model
consisting of a 30 kilometer crust overlying a half-space of mantle
material, t..e effect ¢f a change in depth for a source within
the c¢rust is apparent only at periods less than 10 seconds.

A possible advantage of surface waves in seismic studles
is that they undergo less attenuation due to geometrical spread-
ing than body waves. 1In addition, surface waves are less affected
by small rchanges in velocity structure than hody-wave phases.

The use of body-wave arvrrivals for source depth determination

requlires an accurate knowle 'ze of the velocity structure in the
region between the source and the recelver. The recognition of
3ource depth effects on surface wave motion does not require as

detailed a knowledge of the velocity structure.
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The general method of solutlon was as follows:

r - _TQCEWQT‘

h
lSource

. e —— -

dnﬁn Pl

Ay825 P
A point impulsive source is located at a depth, h , within a

surface layer of thickness H overlying a semi-infinite half-space.
The motion is recorded at a horizontal offset /L from the source.
¢q,f3 , and p are, respectively, compressional wave speed, shear
wave speed, and density. The problem is to obtain an expression,
capable of being evaluated, for the motlion at a recelver at
distance /. It develops that we cannot obtain a closed algebraic
expression for the total motion recorded from the point source.
The best we can do is fto obtain an integral solution for the

motion., It is of the form

o0 o0 .
R A o A P20 SR
M= (J;(K/?;f‘- ( FZW0HK) | o dK
sl Al KH) )
It is not possible to evaluabe this integral exactly, but various

approaches have bteen used to obtain certain parts of the solution.
One approach {Pekeris, 1948; Spencer, 1960) is to expand the
integrand in an infinite serles, each term of which represents

the contribution {rom energy that has traveled a particular path
to the receiver. Each of these new integrals can be evaluated by

Cagniard's method., A second approach, and the one used 1n the
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Rayleigh work, is to attempt a direct evaluation of the integral
by means of contour integration. In such an approach the
Raylelgh wave, or normal mode motion, arises from the contri-
butions of the residues at the real poles of the integrand.
The contributions of these residues were evaluated numerically
for the present work. The solutions ohtained gave the spectrum
of the normal mode motion for both the horizontel and vertical
components of displacement resulting from a buried point source.
For the case in which the model consists of a half-
space of uniform material, the effect of placing the source
deeper beneath the free surface is well known {Rayleigh 1885).
The effect of source depth,Z , upon the spectrum is given by a

¢fz

term € s where-( is frequency and ¢ is a term independent of
source depth. From this it is evident that a deeper souce
results in longer period moticon. For the case of a source within
2 layered elastic medium, the effect of source depth upon the
normal mode motion is not so simple., In such a system, an infinite
number of different modes of propagation are theoretically
possible, and the total observed motion is the sum of a2n infinite
nunber of these modes. The frequency spectra and the relative
excitation of the modes are functions of source depth. Hence the
total observed motion will also be a function of source depth,.
The aim of our work on normal mode motion was to determine

explicitly Just how the source depth does affect the total motion,

at least for the first few modes.
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The first case considered was that of a ligquid layer
overlying a liquid half-space. This case, which is algebraically
much simpler than the solid case considered later, served as an
11lustration of the method and, in addition, gave a partial
check on the answers, since the case had been previously consid-
ered by Pekeris (1948)_and certalin of his solutions can be applied.
The expression for the horlzontal and vertical components of

displacement, %, and W respectively, are given by

%= 2[ % %&(Apﬂz)a}(m)dK)

o]
o0

We_2|K %A(zm‘x?Z) T (Kn)dK .

A 1is the Rayleigh determinant, K is the wave number’éf“Q%;4yﬁ'
and:9;= KE . AA is a 3 by 3 determinant involving various
parameters of the system., Evaluation of these integrals in the
complex zeta plane, S'_—. K+UT , yields the following expressions
for the normal mode portions of the solution:

LWT=K-Ti4
et( )

W == 2427 EZ KK (8, /8 Yeoa V) )
es

0 =22 2 K(K)VE(B, € ) (aimTz) TN 5TA)

Reg

/ &
A represents JA/&K . The summation is over the real poles

cf the 1ntegrand.
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The expressions fori} and W were evaluated numericaily
on an IBM 7090 digital computer. The programs were written for
variable values of 1,Z,h, H, a , 8 , and P . Figures 1 through
6 show examples for the effect of source depth on the vertical
component of particle displacement. Figure 1 is a plot of the
individual amplitude spectra for the first six normal modes for
a source depth of 1/6 the layer thickness. Figure 2 shows the
amplitude spectra for a source depth of 29/30 the layer thickness.
Figures 3 through 6 show the amplitudé spectra for the motion
consisting of the sum of the first six normal modes as a function
of source depth. The receiver offset is 18.3 times the layer
thickness, and four values of source depth are used.

The general conclusions for the liquild case are that
the higher modes are important and give significant contributions
to normal mode motion in a liquid system. The amplitude spectra
of the individual normal modes are broad and contribute motion
over a large range of H above the cut-off frequency. The spectra
for the total summed motion in the liquid-liquid case are quite
complicated because of the contribution of the many modes that
are required to describe the total motion. The effect of source
depth on the finer structure of the spectra for the total normal
mode motion in the liquid-liquid case most probably will not be
observed because of the complicated nature of the summed spectra.
The most important feature seems to be a broadening of the spec-
trum as the source 1s placed deeper within the layer. Longer

period components are relatively stronger for deeper sources.,




For the case of a s0lid elastic layer overlylng a solld
haif-space, equatlions similar to those for the 1iculd case were
obtained. The solild case equations are, however, gquite lengthy
and will not be written down here. It was found that the higher
normal modes are not nearly so important in the solld case as
they are for the ligquid case. Three modes are suffilclent to des-
¢ribe the total Raylelgh wave motlion with reasonable accuracy.

The spectra of the individual normal modes are more sharply peaked
thin in the liquid case. Figures 7 through § show examples of

the amplitude spectra for the horizontal component of displacement
of the first three Rayleigh modes., Examples are taken for source
depths of 1/30 the layer thickness, 1/3 the layer ..ickness, and
2/3 the layer thickness. Figures 10 through 15 show the spectrum
of the total motion resulting from the sum of the first three
normal modes. This again 1s for the horizontal component of dis-
placement, and the source depths are taken from near the free sur-
face at 1/30 the layer thickness tc near the layer-half space
interface at 29/30 the layer thickness. The effect of source

depth on the spectrum is apparent only where the contribution of
the second mode begins to be significant. This 1s at a value of
$H/bg = .5 for a 30-kilometer crust, and for thils case corresponds
to a period of 10 seconds. An appreclable difference in the spectra
as a function of source depth appears only for periods of 7 seconds
or less. The peak of the Rayleigh wave motion for a source within

a 30-kilometer crust 1s at a period of 20 seconds. A source near
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the free surface generates predominantly first mode motion. As
the source 1s placed deeper within the layer, the higher modes,
and higher frequencies, become relatively more important.

In summary, there are theoretically predicted differ-
ences in the amplitude spectrum of Rayleigh wave motion as a
function of source depth. These differences are evident only
in the higher frequency portion of the wave train at perilods
legs than 10 seconds. Whether these effects will be useful in
practice in the p.=2sence of microseism nolse 1s a question best

answerced by an analysis of fleld seismograms.
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FIGURE 7
INDIVIDUAL SPECTRA FOR HORIZONTAL COMPONENT OF
DISPLACEMENT FOR FIRST THREE RAYLEIGH MODES.
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1 SEISMIC MODELING

b
b

A. Exploslive Sources

Initialily the model work was set up to supply corrobora-

ing data for our theoretical work dealing with the effect of
source depth upon Rayleigh wave motlon. The theoretical scliutions
give the motion produced by an impulsive, point, compressional
source. Because of this we wanted a source with as wide a band
as possible and hence began our work using an explosive source.

In this section we review the results which were obtalned using
this source.

Two-dimensional seismic models were used for all the
cases which we studled. It 1s easier to construct and work with
two-dimensional models and then extend the results to three-
dimensional wave propagation than it 1s to construct three-
dimensional models. The basic model consisted of a sheet of
cold-rolled steel, 8 feet long, 4 feet wide, and .060 inch *hick.
For the wavelengths used iIn the modeling experiments, the thick-
ness of this sheet 1s vanishingly small. A layer having elastic
properties different from those of the steel was fcrmed along
one edge of the sheet by first milling out a groove .030 inch
deep, 1 inch wide, and 8 feet long. This milled-out section was
then fillled with a low velocity materlal to simulate the case of
a low-velocity layer overlying a high-velocity half-space. In
the earller work the grocve was filled with a 50-50 lead-tin solder.

Unfortunately, it was difficult toc hold the thickness ¢of the solder
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layer to a proper tolerance without a furtner milling operation.
A different mcthod was employed for liatei models. Tiis method
consisted of cementing a copper strip .03C inch thick, 1 inch
wide, and 8 feet long intn the milled-out section. This gives
good control over the thickness of the composite layer but intro-
duces the problem of obtaining good coupling between the copper
and the steel. A semi-rigid epoxy cement, Eccobond 45, was used
in constructing the models for the explesive source work., A

lightly flexible epoxy was chosen (0 tnat the bond between the
copper and the steel might withstand a small amount of flexing
without breaking and so that the model would be better able to
recist the high local stresses resultingz from the explosions.
Th's type of epoxy did give a somewhat smaller signal amplitude
than a similar model +itih 2 rigid epoxy, but this was not 2
problem sinc - there was alwavs sufficlent signal strength from
the exp}osive source.

Figure 1 shows the construction of the twc -dimensional
seismic models. Wave propagation in two-dimensional selsmic models
has been discussed by Oliver, et al., (195%). Compressional wave
energy propagates with the plate wave velccity of the material,
The shear wave energy propagates with the siear va2loclty in an
wnfinite solid and is unaffected by the two~dimensional nature of
the system. PRayleigh waves in two dimensions propagate in a
3lightly different manner from those in the infinite solild case.
The major difference between the infinite solid and the two-
dimensicnal case 1s that the plate dilatational velocity replaces

the bulk P wave velocity in the Rayleigh equation.
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The seismic velocitles in the composite layer are
governed by the relative thicknesses, densities, and elastic para-
meters of the materials making up th= layc.. For wavelengths which
are long compared to the total thickness of the layer, the body-
wave velocitles in the composite system are given vy Angona (1960)
as:

CQ== dIPIC12+d2f>Q_C22+ 5 0 o © anncn?-
dlﬂ +a2f 40 v onfn

wnere

c:t.-n i1s the fraction of material n,

Fﬁ is the density of materialn,

Cn is the acoustic wave velocity of materialh.

The phase and group velocitles for the first three
Rayleign modes for the model shown in Flgure 1 are given in
Figure 2. The phase velocitles of the higher modes lie between

the shear veloclity in the steel and that in the composite layer.

The first mode phase velocities lle between the Rayleligh veloclitles

in the steel plate and in the composite layer.

The source used in these model experiments was a small
charge of sllver acetylide. Sllver acetylide 1s formed as a pre-
cipitate when &acetylene gas is bubbled through an aqueous solution
of silver nitrate. When dry this precipitate is a powerful explo-
sive which can be detcnated by either heat or shock., A certain
amount cf care is required in the preparation and use c¢f this

explosive.
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Chemically pure silver nltrate, distilled water, and
purified acetylene (59.5 per cent minimum purity) are used in
making the explosive. The use of tap water can lead to precipi-
tates which are too unstable to be handled safely in model work.
Four grams of silver nitrate are dissolved in 150 milliliters of
distllled water, and acetylene is bubbled through the mixture
until the yellow precipitate is formed (about five minutes]).

The preclpitate 1s collected on a filter paper and dried by
blotting with dry filter papers until it becomes a plastic mass.
The silver acetyllde charges are then shaped and mounted on a
small rod, Figure 3 shows the detalls of the die in which the
charges are made. Figure 4 shows thre procedure for making the
charges. The charges are .048 inch in dilameter, 0.1 inch in
length, and are mounted on the end of a steel rod. The charges
are detonated by means of an electrically heated wire which is
positioned close to the explosive, The flash of the charge is
used to trigger the of 1lloscope on which the model records are
displayed.

The receiver which was first used in this particular
model work 1s essentlally a condenser milcrophone, The surface
of the model, or one face of a small square hole cut into the
model, forms one plate of the condenser microphone. The other
plate is mounted on the end of a shielded lead connecting directly

to the grid of a cathode {oliower. From the cathode follower the
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Charge die by tapping several times intoc well filled with
damp explcsive,

Turn die upside down over clean hole and force excess exploslve
out., If more compsctlion 1s required, this may firet be done on
a smooth surface and then forced out into hole.

Cut exploslve off even with end of die head.

Remove punch, insert mounting rod, place dle head on smooth
surface and tap mounting rod to seat explosive.

Reverse dle, tap end of mounting rod and remove,

FIGURE 4

METHOD USED TO MANUFACTURE SILVER ACETYLIDE CHARGES

LE44-515
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output goes direcily tc an osc¢illoscope. Figure 5 shows both the
circult for the condenser microphone receiver and the details of
the phototube circuit which is used t¢ trigger the sweep of the
oscilloscope.

The use of the explosive scurce with the condenser
microphone receiver gives wide band records with ciearly defined
arrivals. Figure 6 shows four of these records. The source is
positioned either at the surface cr within a round hole .064 inch
in diameter. The receiver is located either on the surface or in
a small square hcle. The arrivals of all of the varicus wave
types at the receiver ure clearly defined and quite sharp. In
spite of thelr appareit good quality, however, these records
were not apprcpriate for cur modeling of the effect of source
depth upon model seismograms because of the following considera-
tions. We were interested in medeling a mathematical solution
that postulated a pcint compressicnal source at depth. In order
tc simulate this source, a small hole was drilled in the model,
and an explosive charge was detcnated in this hole. No matter
how carefully the expicsive was centered in the hole; a large
shear wave was invariably gsnerated. This made the source
inapplicable for ocur werk, An alternative apprcach fTo determine
the effect of source deprh upsn the selismic wave form received
at the surface 1s tc makes use ¢f a reciprocity relationship between
the dilataticn and the vartical component of displacement
(Rayleigh, 1G45). For a given separation between source and

receiver; the vertical displacement recorded at the surface from
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RECORDS FROM EXPLOSIVE SOURCE AND CONDENSER MICROPHONE
RECEIVER.
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a dilatational source at a depth, h, is the same as the dilatation
at the depth, h , resulting from a vertical fprce applied at thg
surface. Thus for the modeling work we coula apply a vertical
force (by means of an explosive charge) at the surface of the
model and record the dilatation at depth. This would be egquiva-
lent to the effect of a change in depth of a dilatational (i.e.,
pure compressional) source on the vertvical component of displace-
ment at the surface. The method which was first employed to take
advantage of the above-mentioned recripocity was to place an
explosive source at the surface of the model and to locate a con-
denser microphone in a small hole at a specified dep-h in the
model. Unfortunately, this method failed to give results useful
in checking our mathematical solutions because of the difficulty
in relating in a precise way the outout of the condenser micro-~
phone to the dilatation. There was obvliously some non-dilatational
deformation of the hole as the seismic energy arrived and this

was also recorded by the condenser microphone.

The approach which was finally adopted was to use strain
gages to record the dilatation at depth in the model. The
receivers were heavily-doped silicon semi-conductor strain gages,
type P01-05-120 made by Micro Systems, Inc. These gages are
.060 inches long, .005 inches wide, and .002 inches thick. At
each desired depth location two gages, crossed at right angles
to one another, were cemented to the model. One gage then gave
the d!'/Jx component of the dilatation while the other gave the

JV‘/Jg component. The outputs of the two strain gages were
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summed in series to give the total dilatation, Om JUMX +JV/J%.

The original configuration had four gages mounted at each receiver
location, two on each side of the model exactly oprosite one
another. The purpose of this arrangement was to cancel out flexural
waves in the model., It developed, however, that the flexural waves
were small and did not interfere with the normal mode motion, so
the additional two gages were eliminated. Filgure 7 shows the
placement of the gages at four different depths on the model.

The source is located as shown at the top of the modei. This
particular position of the source largely eliminated flexural
v;brations and gave quite reproducible results. Figure 8 gives

an example of two shots recorded at the same location. The shots
were at the surface of the model and the recelvers were located
near the layer-half gpace interface &t an offset of 40 centimeters.
As can be seen from the example, trere are essentially no
differences between the two records.

Figures 9 and 10 show the records and the corresponding
amplitude spectra from four different receiver locations. %he
receivers were located as near as possible to the top of the model,
at a depth of 1/6 the layer thickness, at a depth 2/3 the layer
thickness, and as near as possible to the layer-half spacz boundary.
The one-inch layer on the model was assumed to represent. the
crust of the earth and the modeling results were adjusced to a
one-inch-equals-30-kilometer change in scale. The abscigssa scale

for the period of the spectra is in seconds. The amplitude spectra
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REPRODUCIBILITY OF RECORDS WITH EXPLOSIVE SOURCE
AND STRAIN GAGE RECEIVERS.
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can then be compared with the results derived from the thecretical
normal mode solutions. The modeling results show that from a

period of 7 or 8 seconds out to longer period motion, the spectrum
for the surface source is flatter than the spectra for the deeper
sources. As the source 1is placed deeper within the layer, the

spectra become slightly more irregular and the high frequency
components increase slightly relative to the longer period components.

This same effect was apparent in the theoretical solutions.

B. Pilezoelectric Sources

The use of plezoelectric sources and receivers wes motiva-
ted by two basic considerations. In the first place, the use of
explosive sources limits the cholce of materials from which the
models can be constructed. Only steel was able to withstand the
force of the explosion without deforming, and even it would deform
under repeated shots. Copper and lead deform easily and a singie
shot will cause cracking and spalling in a Plexiglas mocdel. The
use of an explosive source essentially requires the use of a steel
model, and steel is more difficult to fabricate into models tﬁan
are softer materials gsuch as Plexiglas, epoxy, etc. Furthermore,
it ié concelivable that the force of the expiocsive charge could
affect the model in such a way that the elastic properties of the
composite layer change as a result of each shot. During the Rayleigh
wave work special precautions were taken to minimize destruction of
the model by the source. A small metallic shield was placed between
the source and the model, but even with this precaution only a

limited number of shots could be fired on each model.
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The second reason for using piezoelectric devices is
to have a repeatable source. With a pulsed source we can directly
observe the seismic records on the oscllloscope screen and can
have a continuous monitoring of the wave form as the source and
detector are moved. An explosive source 1s not so reproducible as
we would like and the seismic recoids must be photographed on the
oscllloscope screen to be observed. 1In addition, the plezoelectric
sources glve better amplitude reproducibility than the explosive
source. The principal disadvantage of the pilezoelectric scurces
and receivers is that they do not give the sharp wide-band records
of the explosive source and that the resulting selsmograzs require
heavier filtering than the explosive records.

Figure 11 shows a block diagram of the selsmic modeling
equirment using the plezoclectric equipment. The source and
recelver are identical rectangular pleces of lead zirconilum
titanate (PZT4) manufactured by the Cleavite Corporation. The
source is activated by a voltage pulse from a 1,000 volt pulser.
The wave shape from the pulser 1s variable from a spike of 1 micro-
second width to a "fish tail" pulse with a decay time of 5 milli-~
seconds. The voltage pulse most used in our work was a fish tail
pulse with a decay time of one millisecond. The basic pulser
ur.it was constructed acv Calresearch, and the circult diagram is
shown 1in Figure 12. We have, in addition, two commercially made
pulsing units with an output of 30 volts, These units are useful
for records made at small offsets from the source. The onset of

the source pulse 1s put on the seismogram by a Hewlett Packer
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Digital Delay Generator, Model 218A. When the pulser fires, a
low voltage signali is fed inte the digital delay generator. At

a specified number of microseconds after receiving the input, the
generator puts out a signal which is fed directly to the oscillo-
scope trace. The sweep of the oscillloscope 1s triggered by the
firing of the pulser, but the onset of the sweep is not reliable
enough to be used as a time reference. The signal from the
receliver 1s first put through a buffer amplifier which performs the
dual function of matching impedances in the recelver circuit and
providing a variable gain of either 5 or 10. The circuit diagram
of this amplifier 1s shown in Figure 13. After amplification the
signal is fed into a variable band-pass SKL fiiter. It then goes
directly into a Tektronix 545 oscilloscope. The digital delay
generator is adjusted until the oscilloscone trace shows a time
mark some 5 microseconds prior to the onset of the wave form
reccorded by the receiver.

Figure 14 is a photograph of the modeling equipment when
in operation. The seismic moa<l 1s located in the foregrouad. It
lies flat on a large table, whereas the model was vertical ii the
explosive source work. There 1s a cushioning layer of polyurethane
foam between the model and the table for the purpose of damping out
flexural waves in the model., A further modification to the mcdel
is that the milling of the steel sheet 1s no longe» used in the
construction of the composite layers. 1t was found that if a
coppeir strip was cemented directly to the steel sheet, a low

velocity, composite layer wa forinéd with properties essentlally
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identical to the layer in which a section of the modei was first
milled out before the addition of the copper strip. The model
shown in the photograph consists of a steel sheet 8 feet long,

4 feet wide, and .03C inches thick. A copper strip 8 feet long,

1 inch wide, and .030 inches thick was attached along one edge.
This technique makes it relatively easy to construct either layers
or more irregularly shaped reglouns of different elastic properties
for the seismic modeling investigations, A more rig°d epcxy than
was used in the exploslive work was found to be best in the con-
struction of the models for the pilezoelectric work. The semi-
rigid epoxy used previously caused an undesirable attenuation of
energy in the model. The epoxy giving the best results was a rigid
Hysul epoxy, base A94899 and hardener H23044.

In Figure 14, the rack immediately behind the model con-
tains the filter, the digital delay generator, and two different
pulsing units. The recording osclilloscope, with camera attached,
is adjacent to the instrument rack. The second oscllloscope is
used either as an auxillary amplifier or to monitor the unfiltered
wave form, The source is located in the holder on the left edge
of the model, whlle the receiver is on the long rod which is
between the instrument rack and recording oscilloscope in the
photograph. The buffer amplifier is located Just beneath the

receiver,

Figure 15 gilves two examples of the wave forms recorded
with the equipment shown iny the previous photograph. The first

1llustraticn shows the direct wave and the first refizcted arriv:l
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for a path through a brass sheet. The travel path is 30 centimeters
long. The second illustration shows a refraction record for a
single layer at an offset of 100 centimeters. In both 1llustrations
there is evidence that resonance in the source and receiver con-
tribute to the wave form cbserved on the seismlic record. The
source and receiver have a primary resonance of 250 kec. Filtering
can be used to reduce the energy at this frequency. Frequency
filtering cannot, however, entirely eliminate resonance phenomena,
and the wave shapes are never s¢ sharp as in the work done with
explosive sources and strain gage receivers.

The primary purpose in setting up refraction modeling
with the plezoelectric sources was to investigate the behavicr
of the refracted arrival through a high-velocity layer in a solid
medium. Theoretical work on this problem 1s summarized in another
section of this report§ The case we examined by modeling tech-
niques was that of a high-velocity layer lying between two lower
veloclity layers, with these three layers overlying a hlgh-velocity
half-space. We examined the behavior of the refracted arrival
througn the high-velocity layer as a function of the thicknesses
and elastic properties of the adjacent layers. We accordingly
began with a study of the propagation through & system consisting
of a singlc low=-velocity surface layer overlylng a high-velocity
half-gspace, At the conclugion of this werk two additional layers
were placed immediately beneath the lcw-velocity layer, and the

three-jayer profile was compared wiin that for the single layer,
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Figure 16 shows records taken every 5 centimeters for
receiver offsets of from 5 to 200 centimeters along the single
layer model., The direct arrival through the layer, the refracted
arrival through the half-space, and the Rayleigh wave arrival are
all clearly deflned., Figure 17 gives the travel-time curve for the
direct and re<fracted arrivals. The arrival times of the two phases
are particularly well definied. There 1s very 1little scat£er in
the data. The velocitles deduced from the travel-time curve are
in agreement with the wave velocity measured directly through both
the composite surface layer and the steel sheet. The layer thickness
inferred from the travel time curves 1s 23 mm., This 1s approximately
10 per cent lower than the measured tnickness of 25.4 mm.

In addition to a knowledge of the arrival times of the
phases, we wish to determine the amplitude behavior of these arrivals.
Data on amplitudes are not nearly so rel.able as data on arrival
times. The principal reason for this uncertainty 1s the effect of
the variable coupling of the receiver to the model. Receilver
positioning is all important in modeling work. This results from
the relatively large size of the recelver when compared to the
other dimenslions 1n the system. Even though our recelivers are only
two millimeters square, they correspond, when scaled up to the
real-earth case, to seismometers 130 feet square. The loading
effect of such seismometers 1s obviously more important than that
of a short-period Benioff selsmometer 1n actual earthquake recording.
In order to have some knowledge of the relative coupling factor at

different receiver locations, an auxiliary calibration source is
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used ir the modeling work. This source 1is placed on the edge of
the model opposite tuv that along which the refraction profile is
made and is located midway between the source and the receiver.
Records are then made of the wave form of the calibration source
as recorded by the profile receiver and by the profile source

used as a receiver., A diagram for the positioning of the calibra-

tion source is shown below.

The source used for the seismic profile is fixed at S. The prcfile
receiver is moved along the various positions, R;. The calibra-
tion source 1is moved along the opposite side of the model and at

each receiver position, R,

1s located at a position, C, which
is equidistant from S and R;. The object 1s to calibrate the
receiver at each position along the profile.

At any receiver point, R;, the ampiltuce, A, recorded
on the oscilloscope trace 1is given by Ai = MtwL’ where wt is the
"true" wave amplitude immedlately below the receiver position and

M is the magnification of this true motion by a combination of
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the receiver plus the electronics. Th. assumptlon 1s made that

the calibration source is nondirectional so that for any CL

! and

MSL W§i

a calibratlon source at C . Wp 1s the wave amplitude at Ridue
L

are equal. WS~ is the wave amplitude at S due to
L

to the source at C;. We wish to determine the ratlo Mp /Mp .
2 \
We can measure the initial amplitude of he two calibration

records recorded at 3 and RL and can form the ratio of these

amplitudes
¥ = WeMs
L WeMg

This gives then that MEQ/MR, = Xé/xl, under the assumptions that
MS, = Msa’ since the source 1s fixed at S, and that ws‘ = WR\
because the source 1s nondirectional. Using the records from the
calibration source to normalize the refraction profile ampli-

tudes, 1t 1s possible to get a reasonably reliable measure of the
amplitudes at the various receiver positions.

Figure 18 shows the normalized refracted wave amplitudes
for the single layer model. These amplltudes do nct fit the
theoretical predictions (Heelan, 1954) of an attenuation as the
inverse 3/2 power of receliver offset, but show a more rapid attenua-
tion with distance. An attenuation varying as the -=1.75 power cof
recelver off'set fits the observed data. Three profiles were run

along the single layer model and all gave similar attenuation

coefficients for the refracted wave.
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Figure 19 shows the profile along a model consisting of
three layers overlying a half-space., The direct and refracted
wave velocities are the same as for the single layer case. At the
time this profile was taken, the receiver positions unfortunately
were not calibratsd, and the amplitude data are not sufficiently

accurate for comparison with the single layer case.




V = 470 KM/sec.

b .4

40 -

60 -

' 1
3 8 S
-}

WO - 138440 ¥3AI303

V = 5.37 KM/ sec.

—— "V —

140 -

V = 4,80 KM/ sec.

V= 5.37 KM/ sec.

FISURE 19

3 LAYER MODEL

160 -

180 -

200 -




o VB o

IVv. LONG-TIME RESPONSE PREDICTED BY
EXACT ELASTIC RAY THEORY

A. Introduction

Cagniard (1939) analyzed in considerable detail the
response produced by the reflection of a spherically symmetric
compressional wave at a plane interface between two solid half-
spaces, The to:tal response 1s the sum ¢f a compressicnal component
and a shear component. For a step function input in particle
velocity, both components diverge in the long-~time 1limit. Each
component depends on an integral which goes to zero in the long-
time limit and on a polynomial in time which contains a linear
term and a cublc term. When the compressional and shear components
are added together, the cublec terms cancel one another but the
linear terms remain. The lilnear divergence results from using an
input function (a2 step) which is not permissibie on physical
grounds. When a physically realizable function 1s used, the total
response goes to zero in the long~time 1limit even though the com-
ponent parts of the total response diverge. Cagniard's analysis
is here extended to rays which are multiply reflected in a multi-~
interface system, and a prescription 1s presented for arranging
the rays in groups. Each group respcnse function goes to zero in
the long-time limit even though its component parts diverge. The
prescription facilitates the computat.on of the exact response
function over an extended time interval in which many rays contri-

bute.
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The vertical component of particie veloclty in a spheri=-
cally symmetrlic compressicnal wave is
(Pau\i ZH" Vﬁv&‘\ el 15
LD - ¥/ Y a. By A Fan T <® (1

°
The plane Z = 0 1s at a depth H helow the source and at a depth

Z below the receiver {[Flgure 1). Y. 1is the source-receiver

4

separation. V i8 the compressional wave velocity and b is the
P 10

3

density. Subscript one refers to medium one. & 1is the radius

of the spherizal cavity and P, 1s the peak pressure applied to the
cavity wall. The choice of the scurce function,,¥ s is not com-
pletely arbtltrary. It must be chosen so that edch psint in tne
medium returns to its ¢riginal state a finite time after the
arrival of the disturbance at that point. This impllies that the
static component of such quantities as the stress and strain must
be finite. The lLaprlace transform of the radlal stress produced

by & spherically symmetric compressional wave 1s

T =-ko¥ e"m 1+4v:(sro)+4 r (3‘,’1)

){ is the Laplace transform of ﬁ's S is the Laplace transform

variable and ¢ 1s the shear velocity. In order for the static

component of streac to be finite

Lumit AS A=2 . {2
S+oﬁ ' (2)
As a consequence of (2}, Y{T ) must have at least two axis
crossings and
c:O
J \C +C ,Ufj){(v- }"ilﬂ" G (3)

for arbitrary ¢, and Cop .
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An axlally symmetric radiation field in a layered system
can be expanded in an infinite series. Each term can be derived
directly from the integral representation for the lLaplace transform
of the scurce radiation field by usling the method of generalized
reflection and trensmission coefficients (Sovencer, 1960). This
method provides a simple prescription for transforming the integral
representation for the scource radlation fleld into an integral
representation for the response functlon assoclated with any
generallzed transmission path. The quantities which are required
to speclify a generalized transmiscion path contain all the informa-
tion required by the prescriptlion to construct the assoclated
integral representation. A particular generalized path is com-
pletely determined by specifying: (a) the total vertical distance
(El) traveled in each layer in each mede {compressional and shear
and (b) the sequence in which the layers are traversed.

The integral representation in cylindrical coordinates

of the Laplace transPme of (1) is
—:o (B )(%Z*H%( ,43-() e q“ md} 5 “.-—(7«“14—-%;)"2 .

p1
ds

the radial d*stance from the axis of symmetry (Z-axis).

w

1s the zero order Besse. Tunction of the first kiud. The pre-
scription glves the ILaplace transform of the response assoclated

with each generaiized path in the form

o _KQ,
0~—{34X f AT0AA0SE P (4)

where

KOLS) = ZE()+—:)V2
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M is twice the number of layers traversed by the disturbance. The
%i are the compressional and shear wave velocities in the differ-
ent layers. A{},S ) represents the product of the generallzed

reflection and transmiscslion coefficients.

B. Long-Time Behavior

Cagniard has developed an elegant method for inverting
Laplace transforms of the form given in (4). S 1s treated as a
positive real variable. This restriction on S5 is a distinctilve
feature of Cagniard's theory. The transformation A=Sf/Vg
in (4) gives

A(—%f S)=f0), K(%f,s)=s%§%;(§u§)"2= st fGS) . (5)

Because S 1s real this transformation 1s nothing more than a
change in scale, yet 1t serves to vastly sinplify the S-dependence
of the integrand and to express that dependence in explicit form.
§ is dimensionless, HR and VR refer to a characteristic
dimension and velocity respectively.

The branch points of £(£ ) and _&(§ ) are associated
with the square roots (§°2+ ."IE: )‘/2. The branch points of-f (£ )
are labeled t“LFL (L=1,"N), agd those of J&(g‘) are labeled
t L,Q-L (k= 1,M). The condit'on F,‘_:-JZ!_G. o -s-"/gng-.. 'FN is always
satisfied. The integrand 1s made single-valued by cuttling the
£ .plane along the imaginary axis between each branch point and

its c~mplex conjugate (Figure 2). We confine our attention to

the sneet of the Riemann su=»face on which all the square roots
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are positive real on the positive real £ -axis. Cagniard demon-
strated that the branch points are the only singularities except
in the very speclal case where an interface can support a Stoneley
wave. For each interface which can support a Stoneley wave, £ (§ )
has two pure imaginary conjugate poles (LCZ.K)-—(,Q,K ). The order of
the poles associated with a particular interface 1s determined

by the number of times the disturbance interacts with (is
reflected from or transmitted across) that interface.

Applying Cagniard's method to (4) gives

n- wJ Rt T,

F(T) is the vertical component of the particle velocity produced

_st
{6)

by a step variation in the source function. When T="T, (the
travel time via the least-time reflection path), F(T ) can be

expressed in the form

F(T)=F (M + F.(T), T>T,

)
where
§Q§7d§ (7)
F(T ’ﬁﬁf %@’T) /2 )
—1 €)d§ (8)
F(T) ’Wﬁ %’{%é%},,y
and

JET) = (T—Mé’)) +§5 -

{} indicates that cnly the real part of the quantity in paren-
thesis 1s required. The contour, B, wraps around the part of the
branch cut between —L#i and —iﬁi in a clockwise sense (Figure 2.)
Any poles below ~t§g are enclosed in a clockwise sense and are

included in B. In the long-time limit F, decays like !
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The I contour is a semi-circle in the lower half plane with

center at the origin. The contour is traversed in a counterclock-
wise sense. The value approached by the integral in (8) in the
limit as the radius of the semi-circle goes to infinity determines

r_ (7

}—J/Z

A careful examination of {%4§;r) reveals that

, o -V2 Bn (Y Bpy @) T
5@2 {%(g)q‘)} A§ Z( n( ) F;QM )> )

where

M N2 1/
= (5T

m-Z a "r (”’)=£ o T

i ™ ) 2n+l iy

and

P n(fr) and P (T ) are polynomials in even and odd powers of T,

2N+
respectively.

The form of (&£ ) depends on whether the generalized
transmission path 1s degenerate. Degeneracy occurs when one or
more of the layers are traversed in both the compressional and
shear modes. Then there are two or more generalized paths for
which the E; (and consequently the functions,&(é‘)) are identical
but the+ (§ ) are in general different. We can group all degenerate
paths together by modifying the form cf £(£& ). The response

functions assocliated with degenerate paths all have identical onset

times. When the path is not degenerate, £ (£ ) is expressed by a




product of the generallized coefficients. When the path 1s degen-
erate,{f(g ) is expressed as a sum of products of the gereralized
coefficients,

The behavior of £(§ ) for large § can be derived from
the expressions for the generalized reflection and transmission
coefficients, Each of the four generalized reflection coefficlents
has the form

étcﬁt:g RE)=NE*+N 1,672+ -
If the incident wave approaches the interface through a solid
(U#0 ), I, cannot vanish in any of the refiecticn coefficlents.
I the incident wave approeches the interface through a fluid, there
is only one reflection coefficient ( Rﬁfﬁ )* and [F,==0 . If both
media are fluids and there is no denslty contrast, (=0 . The

four generalized transmisslon coefficlents have the form

. o -2

Lt T () = ity €4 A, 6 - - - ;

£—=>c0
ML may vanlsh under certain conditlons.

If the trar....ssion path 1is not degenerate, £(£ ) is

Just the product of the generallzed coefficlents. In what follows
we assume that there are no fluld layers. Let m be the number of
reflection coefficlents in the product. If a reflection coefficient

+h
is raised tO‘ﬂﬁEa& power, it is counted,& times in determining m .

*The letter subscripts indicate the mode of propagation before ard

after transmission (P for compressional and § for shear). The number

subscripts indicate the layers in which the disturbance propagates

th

) . th
(the L' 1layer 1s above the (L+|) interface).




Let1Q be the number of transmisslon coefficients for which the

My term vanishes. TIf i/ =0 , in a transmission coefficient which
is raiszed to the ,&th power, that coefflcient 1s counted t&times in
determiningf&. If the transmission path 1s degenerate,43(§ ) will
pe given by a sum in which sach term consists of a product of the
generalized coeflficients, Both the number of reflection coeffi-
clents and the number of transmission coefficients will be the same
for each term in the sum. Consequently, the same value of M must
be associated with each term in the sum. However. even thouzh the
iiumber of transmission coefficients 1is the same in each term, the
particular coefficients need not all be the same. Consequently,
the value offl need not be the same for every term. Let.fzo be the

smallest of the 7Q values. Then
- M- M-p,=~1 —~(&-1
limct £6) = o @™ Foan (€)™ e L
§—>c0 ! )
regardless cf whether the path is degenerate or not. The Wi_ are
functions of the dernsity and velccity ratios across the interfaces
intersected by the generalized transmission path.

For large £ the integrand in (8) can be expressed as
an infinite series in pcwers of § . When in“egrated around the
semi-circie, even powers of § give pure imaginary vaiues which
contribute nothing to gI(Q‘)‘ Except for the §“4 term, odd
powers of & vanish when integrated around the semi-circle.
Integration of the §—‘ term gives

F:‘[(‘r)so M<
M-
1
A%
When Yi<p,, F&

—
—

—ﬂ;ﬂﬁﬁ ZﬁiCT> M=fe-

) vanishes because there is no §*‘ term.

|

i1

_.'_?
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Each of the P | (T ) contain only oad powers of T .
- 2B

There are A terms in P (7T ) and T is the highest order term,
28|

Therefore, g:(q‘) can also be expressed in the fi(~m

'"Zf' a3
[ .
FM= GT™ ,m=p (10)
A=0
The determination of the q& 1s straightforward but tedious even
for simple transmission paths.

The long=-time response is determined by a polynomial of
degree 2(Yﬂ—ﬁ)+l in odd powers of T . Suppose 4/00-0 . For direct
transmission paths, =0 and EI contains only the linear term.

For primaries, M=! and EI contains both a linear and a cubic term.
+th

For arr'm ¢rder multiple, 31

through T&mﬂ. This divergent behavior 1s a characteristic feature

contains all the odd powers of T

of the response functions for the individual transmission paths,

C. Convergent Groups

The existence of the divergent talls can be extremely
troublesome in the numerical evaluation of the exact response over
an extended time interval 1n which higher order multiples contribute.
For example, 1n using a digital computer to evaluate and sum the
individual response functions, an intermedlate stage of calculation
may be reached in which the magnitude of the partial sum exceeds
the magnitude of the correct total sum by a number which exceeds
the number of significant figures carried by the computer. When
this occurs the final computed sum 1s nonsense. Pekeris and

Longman (1958) did not ercounter this difficulty for the case of
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a fluid layer over a fluld half-space because YE::O in the
expansion for the reflection coefficlient. Consequently, the
constant term is the leading term ind (§ ) for &all paths. It
follows that the response produced by an input step div. :ges
linearly and the response produced by an impulse approaches a cop-
stant for each path. For the all soild, multi-layer systems, we

can circumvent this problem by collecting the ray paths into groups.
Equation (6) shows that the long-time response produced by a
particular source function is obtained by convolving y with dE/dt.
Equation (3) shows that for a physically realizable source function,
dF; /dt must not diverge more rapidly than t , otherwise the

medium 1s left with a residual particle velocity. This suggests
that the rays can be grouped together in such a way that the cubic
and higher order terms vanish in the group response to a step
function input.

By analyzing several cases ve have founa that the
generalized transmission paths which belong to a particular group
have the followlng characteristics in common:

(A) i‘he interfaces at which the reflections take place,

(B) the sequence in which the reflecting interfaces

are encountered.

(C) the generalized path t¢ the first reflector.

Let F; be the step function response associated with the J*h
generallzed transmission path. The response function obtained by
summing all the Fy which have (A), (B), and (C) in common varies

T
linearly in the long-time limit.




= B2 o

Figure 3 shows four primaries which are reflected from
o
s . o B P a . o N . I3
the (l+i)  interface: P, SUR B » B SLPLSL__l s ﬁri S 8 B,
and P_, SLS~S- . These primaries have a common transmission path

Lo
to the reflector and form a group. When we say that the paths are
common down to the reflector, we mean that the mode of transmission
across each layer between the source and the reflector is the same,
This does nct mean that the least-time reflection paths are the
same = in fact, they are different. This group does not include
all the primaries itrom the (b+i){k interface. Actually there are
sixteen primaries which can be arranged irn four groups of fcur
zach. All members of each group have common paths down to the
reflector. Each group respor.se function varies linearly in the
long-time 1imit. Consequently, *he total primary response func-~
tion varies linearly in the long-time limict.

Now conslder the general case wher~ the paths suffer m
reflections. Let the reflectors be desigrated by RK(%-\,....,HI)
and let the order in which the RK's are arranged indicate the
sequence in which the reflectors are encountered. If the dis-
turbance 1s reflected from the same interface more than once, the
designation for that interface will arpear more than once in the
RK sequence. The total number of patks which go through a parti-

cular reflection sequence ard have a common path to the first

reflector is ENFH . N, is the number of interfaces which all

|

paths encounter in going from the R‘ reflector to the receiver.

q2m+l

The highest order term in the individual EI is . The high-

)

est orcer term ~*cained by summing all the Fy which have a common
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path tc the last reflector is T?m_l. The highest order term

obtained by summing all the FI which have a common path to the
next to last reflector is ,Tam-s. Each time we reduce by one

the number of reflactors on the common part of the path, we reduce
the exponent of the nhighest order term in the resultant polynémial

Ny
bty two and increase the number of contributing paths from 2 K

to QNbJH . The highest order term in the function obtained by
summing all the F whicn have a common path to R\ 1s T .

In computing the response of a layered system we first
determine those generalized paths for which T lies within the
time interval of interest. These paths are arranged in groups
according to (A), (B), and (C). In each group we determine the
T, which is largest (q;w) and evaluate the individual F; in the
interval ’Ts’!;nx-\-'l‘/(ﬁR/yR) , where T 1s the duration of the source
function. There is no need to calculate the EI for larger times
because thelr sum varies linearly and vanlshes when convolved with
a physically realizable source function. The conditions (A),

(B), and (C) determine the minimum number of rays which when added
together have the desired long-time behavior. By grouping the
individual rays according tc (A), (B), and (C), we can construct
convergent functions from divergent ones. The total response pro-
duced by a physically realizable source function can be expressed

in terms of functions wnich decay in the long-time 1limit even

though the comporent partsof these functions diverge.
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V. HIGH-FREQUENCY ELASTIC WAVE THEORY

A, Introduction

Because of the mathematical complexity of even the simplest
prcblems in elastic wave theory, considerable work has been directed
toward obtaining approximations to the exact theory. Two of the
most useful approximations are the normal mcde theory (valid at
large ranges) and geometric ray theory (valid at high frequencies),
In using the approximations we generally do not know what the
error is ~ 211 we know 1is that in some limit the error is negligible
and that the 1imit itself depends on how we choose to measure the
error., The 1imit is usually estimated by determining the point
at which some prediction of the approximate theory begins to depart
from what seems physically reasonable. Our objective 1s to develop
the high frequency theory for a layered medium and to point out

some of its shortcomings.

B. The Source Function

We consider the response produced by a source which
radlates a spherically symmetric compressional wave. In an infinilte
homogeneous medium, the vertical componient of the particle velocity

is

=9 B hren+ & U{@)ds}) (1)

where

_t-tM
td | N fra (f (Z H\‘2>l/2




" 1s the source-receiver separation. The plane Z=0 i1s at a depth
H below the source and Z below the receiver, P, is the peak pres-
sure applied to the cavity wall and @ 1s the radius of the cavity.
V‘,ftw and b\ refer, respectively, to the compressional velocity,
shear velioclty and density in medium one. The source function,

X, merely expands or contracts with *Q but does not change shape.
The amplitude spectrum of )Y 1is assumed to peak at a dominant
frequency 4a==l/1] . At distances which are large compared with
the dominant wavelength, the second term in (1) becomes negligible
wlith respect to the first term, the disturbance propagates without
change of shape, and ) (T ) determines the time variation. 1In
effect, b’(ﬁ') is a high-frequency aporoximaticn to the response
of an infinite medium.

To determine the range of validity of the high-frequency
approximation we first demonstrate that q’ and the integral of {
take on non-zero values over the same interval. X must be chosen
so that each polint returns to 1ts original state a finite time
after the arrival of the disturbance at that point. This means
that the static component of the stress and strain must be finite.
The Iaplace transform of the radlial stress in a sphericelly

symmetric compressional wave 1is
-Sr/Y,

AT Ly (I TANE RS

In order for the static component to be finite,

imt Y =ASH =2 (2)
§—>0
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As a consequence of (2), the statlic component of Y must vanish.
This insures that the integral of ) 1s zero outside the interval
where N’ takes on non-zerc values. Therefore, the validity of the
high-frequency approximation depends only on the relative amplitudes
of the first and second terms in (1), If the two time functions
had been resolved, their significance would depend not on their
relative amplitudes but on the amplitude of the background (signal
plus noise) which is coincident in time. If there were no back-
ground, neither term could be neglected. For purposes of 1illus-
tration let

X(T) —(S*IT)(cos 20T) | 0= T=K (K=2).
The first factor determines the shape of the envelope. K deter-
mines the number of oscillations and the bandwidth. The condition
K=2 forces the low frequency behavior to satisfy (2). For K = 4,
the ratio of the maximum amplitudes is .16t/ . Therefore,
for a dominant wavelength to range ratio of one half, the second
term 1s about eight per cent of the first term. This provides an
estimate of the upper 1iimit on the dominant wavelength to dimension

ratio for which the high-frequency approximation 1s valid.

C. Generallzed Ray Theory

An axially symmetric radiat.on field in a layered system
can he expanded in a seriles. Each term can be derived directly
from the integral representation for the source radiation field

by using the method of generalized reflection ard transmission
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coefficlents (3pencer, 196C). This method provides a prescription
for transforming the integral representation for the source radia-
tion field into an integral representation for the response func-
tion assoclated with any generalized transmicaion path. The
quantities which are required to specify a particular generalized
transmission path contain all the information required by the pre-
scription to construct the associated integral representation.
A particular generalized path 1s completely determined by specify-
ing: (a) the total vertical distance traveled in each layer in each
mode (compressinnal and shear) and (b) the sequence in which the
layers are traversed.

The integral representation in cylindrical coordinates

of the Laplace transform of (1) is
U= (PQ\(sqn(z—H))_)’L(XIO{xP) o izH dl
where
oA =()%+ _Sf“".

The prescription gives the Laplace transform of the response associa-~

ted with each generalized path in the form

B K,S)
U= (__“) S} xmf)\Aas d) (3)

b!/

where

KOBS\):Z(PO\“fvz)VQ O +52 )v._) ,
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The summation extends cver all layers traversed by the disturbance,
The Py and T, are the tctal vertical distances traveled 1n the ch
layer in the compressional and shear modes respectlvely. A(RJS )
represents the product of the generalized reflectlon and trans-
mission coefficlents.

The functions A(A,S) and K(A,S ) contain square roots

of the form ()?+S$/%f')va. y" refers to a body wave velocity.

L
To make the integrand single-valued, we cu® the A-plane along a
straight line between the branch points. S 1s considered complex
of the form S—a)&m (w=>0), The angle which the cut makes with
the real axls and the argument of the square root at points on the
cut 1s indicated in Figure 1.

As @-»7T/2, the cut approaches the path of integration
(along the positive real )-axis) from below, Let S==iW , then

the path of 1ntegration llecs atove the cut. The change of scale

A=w§/Vg transforms {3) into

T -5 T vf&f( st o Ve ®

AWWE

where

V= B FO=AGE, )

and

un
~—

JO-) 8 (68, At <

=1
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In (5) we have used one expression for both the compressional and
shear terms. E; may refer to either PL or TL and M 1s twice the
number of layers traversed by the disturbance. HR and VR may be
assoclated with a characteristic dimension and veloclty respec-

tively.
As @—-1r/2 , the cut approaches the path of integration

from above. Let S = -{W, then the path of integ~ation lies below

the cut. The change of scale A=w§/Vg transforms (3) into

BEMWV
The only difference between the integrals in (4) and (5) 1is in

the position of the cut with respect to the path of integration.
TI 1s the transform of a real time function - therefore,
(Uew)™ =T ew), w=o.

The asterisk designates the complex conjugate. ) 1is by defi-

nition a real time function, hence
(Few))™ = Hew.

The relationship

(ABOVE / (BELOW y )
follows directly from (5;. Therefore, the condition that U be
real 1implies

({@) {(é) , 0= =00, (7)

ABOVE BELOW

T

4~

[p)

“ ~d o

[
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This result 1is one of a group of symmetry relations which relate
the values of (£ ) above and below the cut and at points
reflected in the imaginary axis. The symmetry relations are
valid for real § and follow directly from the expressions for
the generalized coefficients.

The spectrum for an impulsive source functlon (X=| ) is

(BT = 1 Y&) ()

wnere

Y(v)-i §J;<§y{;){<§)e‘d®d§ . 7>0. (9)

ABOVE
A knowledge of the nature and position of the singularities of

IR and,g(§') is necessary for the development of tne asymptotic
expansion and to a proper understanding of the results. We con-
fine our attentlon to the sheet of the Riemann surface on which

b are positive real on the real

the square roots ( ?2—-%:/3f')
axis to the right of the branch points. All the singularities of
£(€) ang ,&(g') lie on the real axis. The branch points of {(§ )
are designated by i-&( {=1,...,N) and those of&(g) by
FR(L=1,...,M).

If the body wave velocitles in tne layers are all
different, the branch points of43(§ ) form a set which includes
all the branch points of,2(§‘) plus additional ones. {£(§ ) con-
tains the four branch points associated with each interface
intersected by the generalized transmission path. J&(ﬁ‘) contains
only branch polints which are assoclated with the particular mode

of propagation in the layers. Even when the generalized trans-

mission path traverses every layer in both modes, +( &) contains
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four additional branch points assoclated with the layers immedia-
tely above the ' ppermost reflector and immediately below the lower-
most reflector. Note that if there 1s no reflection at the inter-
faces hetwezn which the transmission path 1s contained, the
generalized transmission path cannot traverse the outermost
layers in both modes. Then, even 1if 811 the other layers were
traversed in both modes, 4 (€ ) would still contain two branch
points ot contained *n,g(é’). I the body wave velocitiles are
not distinct, speclal cases can arise where the branch points of
L&) and,z(§’) are identical. The -elation
L= KR =f

is satisfied in all cases.

ne¢ poles of the integrand, when they exist, are assocla-
ted with zeros of the demoninators in the expressions fHr the
generalizéd coefficients, Cegniard (1939) demonstrated that at
an interface between two elastic half-spaces the denominator has
no zeros on the permiscible sheet of the Rilemann surface except
in the very speclal ca..e where the interface can sup; .. a'Stoneley
wave, Then the denominator has the two real zeros f:§L = iLVRAuE,
AU} 1s the Stoneley velocity on the ﬂth interface. Spencer (1956)
showed that a Stoneley wave 1s always excited at a liqu d-solid
interface. A Rayleigh wave 1s always excited at a solid-vacuum
interface, 1In all three cases the zeros are real and are situated

symmetricaily with regpect to the origin. j@Q 1s aiways less than
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the smallest body wave velcclity in the adjacent media. Therefore,
the pole, f{ , cannot lie on any of the four cuis associated

with the fﬁ* interface and

In deriving the asymptotlic expansion of Y(“/), we find

i .

that only the case i E'L/HK = 0 can yield terms assoclated with
the poles. This siézztion arises when the sour.2 and receiver
are situated in the same horizontal plane and the generalized
transmission path is a direct path. If the source and receiver
are in the same plane but not on an interface, the direct paths
do not interact with any interface, The response function is
then Just the time variation 1n the direct wave, a functiocn which
1s proescribed 4in the initial statement of the problem, If the
source and receiver are on the same interface, the direct p&aths

interact with that interface only and the probliem reduces to the

one interface case. Y(7Y ) becomes

ot
f E.\
Y(M= | §T(v§ ) F(6)dE =g,
R ) =2 HR
ABOVE
Clearly the asymptotic expansions for high frequency and large
offset are identical.
By expressing the Bessel function in terms of the
Hankel functions of the first and second kinds and using Cauchy's

integral theorem, we can demonstrate that

£

=2-‘( s(fe)-Feres)ag + (§¥(§>H (e )ag, Z )
; &, )

ABOVE
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The asymptotic expansion of the branch line integral can be
obtained by using a variation of the method of stationary phzse
discussed by Erdelyi (1956). The high frequency behavior 1s deter-
mined by the four branch points (N = 4 for the one interface
problem). This is to be expected because the path along the inter-
face s a least-time path for four modes of propagation (i.e., the
compressional and shear body waves in the adjacent media). The
second term in (10) 1s present only if the interface can support

a Rayleigh or Stoneleywave., The purpose in discussing a problem
which has been extensively treated in -he literature 1s to point
out the very special situation under which the pole and every
branch point of-P(g ) contribute to “he high frequency asymptotic
expansion.

When ‘E% E{ /Hg# 0, the expession which corresponds to

il

(10), is
sme 26
Y(’Y)=%J cHO-FEH et )ey € +3 (54(@“ (ﬁ@e a_g' (11)

£ -sme

| J&C&‘) )

+§LJ’QIC€)H (ryg_) —’Y g
sné
(&)

6 1s the angle between the vertical and the segment of the least-
time reflection or transmission path which 1s traversed with

velocity Ve - sinG satisfies

— N6 Ei/lg 0= SNO<K, . (12)
;Zj JF gﬁ%»MZ ) ‘
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The mathematical significance of sin® can be seen by replacing
the Hankel functions by their asymptotic representations. In
the resultant integrands, Y appears only in the exponentials
SYK® L ST GE)
KeO)= 5 U +A(E)
—'YK.CS)\

§ w=m-3iné 1s the only saddle point on the surface \e

where

in the upper half plane. 5; = 8in©® 1is the only saddle point on
the surface \E?wwgﬁgn in the upper half plane. The contours
C. and Ci can be continuously deformed 1nto lines slightly above
the part of the real arils to the right of the saddle points with-
out 2nclosing any singularities of the integrand.

When sinég >-ﬁ, the asymptotic expansion of the first
term describes the head waves. The condition f'or the existence
of head waves 1s that one or more of the 41 pe less than,&i.

The number of head waves which exist at & particular offset 1s
determined by the -% which satisfy
0=t <86, T=l, .- T

Assocliated with each head wave there 1s a critical cone

.|
-8
6, = Sin FJ)

a critical distance

r E/H
-,.+ _EVER
2; (22 )VQ )

and a travel time

M
%A& ji *'2{'%;(¥§_£:yhn




The asymptotic expansion of T] can be expressed in the

form

- : r .
b — =T —UYT, LY .
‘)(HRV)U=Q T+e 42y € k) s > BElwp. (13)
E,O. R 1 J HR
J=2 S
The ’G. are normalized travel times for the least-time paths.
This result indicates that the response funiction and all 1its
derivates are continuous for ’T%EFE-(J =0,...,I). The first term
in (13) comes from the saddle points. This term describes the
high frequency behavior of waves which travel least-time reflection
paths, q' is glve by
Z E /&L
& He (B2 sirdo) 2
The form of ﬁk’ depends on whether the observation point
is off or on a critical cone. At a point which is not on a

critical cone

Z \VJ. ) e*er@=y . T). (14)
2—1
The leading coefficients are
Y - Fsing)
‘ (ﬂ“%)vz)
k] £SO 2808 _ pora Bs YL (B
\P T2 B‘llz/g:/ﬁ.%\ 4 [3( BQ. Ssmze 6:.) Sm?e( 8, I)]
2
3sm29—— - 51-—{;
w(mE)%) "




The ﬁL are determined by

. A P
@%_. B £3=;E:j§14§_ ﬁé \ EL & ) Ba= EvﬁLC£a+4fm19)

) 5 7
/_.HQL He 3 L‘HRQ{ .‘HR &
0 'l = e
where QL Lﬁf—sinf? )¥2 | Each of the coefficients in (14) is

continuous as 8 approaches zero. This is somewhat surprising
for in the derivation of (14) the Hankel functlorns were replaced
by their asymptotic expansions for large argument and as e
approaches zero, the argument approaches zero.

As the point of observation approaches a critical
cone, the derivatives of £ (£ ) diverge. This follows from the
fact that<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>